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1. Problem 3.5.16 of Prof. Flaschka’s notes.
Let (X, 7) be a topological space, and let A, B C X. Show that A°N B° = (AN B)°.

Solution. First show that A°N B° C (AN B)°. Let x € A°N B°. Therefore x € A°
and z € B°. Therefore JU,V open sets s.t. r e U C Aandx €V C BSo,z € ANB
Since U,V are open, AN B D Uy = U NV > z. Therefore x is an interior point of
ANB. So, AN B°C (AN B)°.

Now show that (AN B)° C A°NB° So, U CANBst.zelU = xe€UC Aand
x € U C B. So, z is an interior point of both A and B. Therefore, (AN B)° C A°N B°.

AN B° = (AN B)e.

2. Problem 3.5.22 of Prof. Flaschka’s notes.

Show that a function f: (X,7) — (Y,S) is continuous iff for every closed subset C' of
Y, f71(C) is a closed subset of X.

Solution. ( = ) Assume f : (X,7) — (Y, S) is continuous. Thus for (f(z) e V) € S
there exists some (U 3 x)7 s.t. f(U) C V or equivalently U C f~!(V). This follows
because x € U, and f(x) € f(U) C V implies that f(x) € V and thus z € f~4(V).
Therefore U C f~1(V). Next, notice that (f~1(A))* = {z € X|f(z) ¢ A} = {z €
X|f(z) € A} = f71(A°) for some subset A C X. So we can pull the compliment
inside the inverse image so to speak. Thus given C' C Y, closed, we have by definition
that C° is open and thus C° € §. So given some f(z) € C° by continuity we can find
some (U >x) €7 s.t. UC f~1C° €T Thus, f~1(C®) is open in X and by defintion
(f7HC9))e = f7H(C%)°) = f~YC) is closed in X.

( <= ) Suppose C' C Y is closed implies that f~1(C) C X is closed for some function
f:(X,T) — (V,S). Let V€ S be an open set. Then by definition, V¢ is closed
and by assumption f~!(V¢) is closed as well. Also by definition f~1(V¢)¢ = f~1(V) is
open and thus takes open sets to open sets. Therefore f is continuous. .". a function
f:(X,T)— (Y,8) is continuous iff for every closed subset C' of Y, f71(C) is a closed
subset of X.

3. Accumulation points
(a) Problems 3.5.26, 3.5.27, 3.5.28, 3.5.29, of Prof. Flaschka’s notes.

(3.5.26) Prove that every accumulation point of A is a point of closure of A. The
converse is not true; see Example 3.5.9.

Proof. Assume x is an accumulation point of A and take U > x open.

(=) U\{z}h)nA#0
(=) UNA#Q.
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But this is precisely the definition of a point of closure of A. Therefore, x is a point of
closure.

.. every accumulation point of A is a point of closure of A.

(3.5.27) Let A ={1,1/2,1/3,...} C R (with the usual topology). Find the points of
closure of A and the accumulation points of A.

Solution.

Claim. The points of closure of A are AU {0}.

All of A are points of closure because every neighborhood of z € A intersected with A
have x in the intersection. 0 is a point of closure since for all € > 0, U = (—¢, €), there
exists an N € Ns.it. 1/n € U for all n > N. We know this because 1/n — 0 in the
metric topology. Consequently, A D A U {0}.

Conversely, (AU {0})¢ = (—00,0) U (1,00) Upen (1/(n+1),1/n) is open wrt R, so
A C AU{0}.

Along with the earlier argument, the claim is proven.

(3.5.28) Let (X, 7) be a topological space, and let A C X be closed. Show that every
accumulation point of A is contained in A.
Solution. Try proof by contrapositive.
Assume x ¢ A, then x € A°, which is open. Now, pick U = A°. The following is true,
ANA = 0
(=)U\{zh)nA = 0.
So x is not an accumulation point, since 3 an open set s.t. the above is true.

.. every accumulation point of a closed set A is in A.

(3.5.29) Let (X, T) be a topological space, and let A C X. Show that every point of
A\ A is an accumulation point of A.

Solution. Assume z € A\ A,

(=) z€Aandz ¢ A.
Since z is a point of closure of A any open U > z will satisfy U N A # (). Additionally,
since x ¢ A, (U\ {z})N A # (). This is the definition of an accumulation point of A.
.. every point of A\ A is an accumulation point of A.

(b) (X,7) is a topological space and the topology 7 is Hausdorff. A C X. Let A’
denote the set of accumulation points of A. Show that

A=A\ {z}.

z€EA



Solution. (C) First suppose y € A’, in other words, y is an accumulation point of A.
For all (U > y) inT then U N A contains elements other than y. We can restate this
definition as U N (A \ {y}) # 0. Next I will prove the following claim;

Claim. The number of elements in UN(A\{y}) is at least two. That is, [UN(A\{y})| >
2.

Proof. By contradiction. Suppose that UN(A\ {y} = {z} for some z € A. The inter-
section cannot be the empty set because y is an accumulation point. 7 is Hausdorff, so
we can find some open set (W 3 2) €7, (Voy)eT st., VAW =0. Now consider
the open set W N U, this is in 7 by the axioms of a topology, also y is in both sets
thus y e WNU. WNU is a neighborhood of y, an accumulation point, so it should
have the same properties as any other neighborhood of y. But

(WnU)n(A\{y}) =WnUNnA\{y}) =Wn{z} =0

This contradicts our assumption that y is an accumulation point of A, that is we have
found an open set W N U 3> y s.t. the intersection with A only contains y. Thus
Un(A\{y})] = 2.

Now for y € A" we have that U N (A\ {z}) contains at least one point no matter what
xis. Thus y € A\ {z} for all z € A, thus

A (A {z}.

T€EA

If y € Nyea A\ {z}, then for all (U 3 y) € 7, then UN (A\ {z}) # 0 for all z € A.
Thus there exists some z, € U N (A\ {z}), not that z, € A could be equal to y, but
2y # x. Then for all (U 5 y) € 7, we have U N A\ {y} contains z, whenever z, # v,
and when z, =y, then y € A and there exists some z, € U N (A \ {y}). Thus for all
(U >vy) €T, then (UN A) contains at least one element not equal to y. So, y € A’

A =l AN (2]

. Boundary points
(a) Problem 3.5.30 of Prof. Flaschka’s notes.

Let (X,7) be a topological space, and let A C X. There are points that "divide” A
from the rest of X.

Definition. A point x € X is said to be a boundary point of A if z € AN Ac.

Prove that x is a boundary point of A iff x € (A° U (A)°)c.



Proof. (=) Let x be a boundary point of A.

r€ AN Ae

v € Aand x € Ac

AUszst. UNA=0and AU xst. UNA°=1
Ug Aand U ¢ A°

r ¢ A and x ¢ (A9)°

x ¢ A°U (A9)°

x € (A°U (A9)°)°.

FEELEed

( < ) Let x € (A°U (A°)°)“.

x ¢ A°U (A9)°

x ¢ A% and x ¢ (A°)°

AU openst. x €U CAand x € U C A°
Vopen U2z UNA#Dand UN A # ()
x € Aandz € Ac

r € AN Ae

el

which implies x is a boundary point.
.. x is a boundary point of A iff x € (4° U (A%)°)".
(b) Show that the definition of boundary point agrees with the definition in class, viz.,

x € X is a boundary point of A iff for every neighborhood U of x, U N A # () and
U N Ac £ 0.

Solution. The definition given in class follows directly from the previous proof and
the definition given for the closure of a set A being

Definition. {y|y € X s.t. open sets U 5y = UN A # (}.

The definition for the closure of A¢ follows exactly from above.
Additionally, De Morgan’s laws can be used to show that AN A¢ = (A°U (A€)°)¢, since
(AU (A)) = (AN ((A))
AN Ae.
So, the proof from part (a) can be used to show consistency with the definition given
in class.

. A topology on N

Let X = NU {e}. Define a collection 7 by A C X is in 7 iff A does not contain e
(this includes the empty set) or e € A and A€ is finite (this includes X).

(a) Show that 7 is a topology on X.



Solution. Need to check the three properties of a topology for 7.
(i). 0 Ze,sod e€T. ee X and X = () which is finite, so X € 7.
(ii). Let U,V € 7. I will break the problem up into 3 cases.

The first case is both U,V don’t contain e. UNV doesn’t contain e either and therefore
unveT.

The second case is one of U,V contains e and the other doesn’t. Let e € U. So,
UNV Ze,soUNV eT.

The third case is when both U,V 3 e and U¢, V¢ are finite. So, e € U NV. Now look
at (UNV)¢=U°UV° which is finite, since both U¢, V¢ are finite. So, UNV € 7.

(ili). Let U C T, then every set U of U either contains e and U€ is finite, or U ¥ e.
Therefore, the union of all such sets can either contain e, and (|J, ¢, U)* = Nyey U°
will be finite since U€ is finite. If no U contains e, then the union of all U will not
contain e either. Therefore, (J, o, U € 7.

.7 is a topology on X.

(b) Show that T is second countable.

Solution. I claim that the following is a base for 7 : B = By UBy where B; = {{n}|n €
N} and B, = {{1,2,3,...,N}°|N € N}. First we show that | Jz.5 B8 = X. Let  be
in the union. Then trivially it is in X. Now if y € X and y # e, then y € N. So
y € {y} € By. Fore € X, then e € {1,2,3,...,N}¢ for all N € N. Thus

UB=x

BeB

Next given BM and B® in B, then if n € N is such that n € BN N B we have n €
{n} € BONB® and {n} € B. If e € BONB®@ it follows that B = {1,2,..., N;}°
and B® = {1,2,..., No}¢. If N3 = N; + Ny and B® = {1,2,..., N3}¢, it follows that
ec B® C BONB® and B® € B.

This proves that B is a base. B is a finite union of countable sets and thus is countable.

.. T is second countable.

(c) Show that N is dense in (X, 7).

Solution. I need to show that the closure of N is X.

First, show that N C X. Assume z € N. Given any U open wrt X, UNN # ). So,
UNN C X. Therefore, z € X and N C X.

Next, show that X C N. Assume z € X, given any open set U 3 2 C X, UNX # 0.
First, I claim that {e} is not open. This is true since the complement of {e} is N,
which is not finite. Therefore, since U # {e}, I have that U NN # (), which implies
that z € N. So, X CN.

So, N = X.

.. Nis dense in (X, 7).



(d) A function f : N — R is the same thing as a sequence z,. We will say that
g : X — R is a continuous extension of f if g(n) = f(n)¥n € N. Show that f has a
continuous extension iff z, = f(n) is a convergent sequence. Further, the continuous
extension is given by g(e) = lim, .~ f(n).

Solution. Assume that f(n) = z, converges to a limit [. Define g : X — R by
g(n) = f(n) for n € N and g(e) = [. The question is whether this g is continuous (with
respect to the topology 7 on X and the metric topology on R).

Let V C R be open in the metric topology. If [ ¢ V, e ¢ g7 (V) so go}(V) € 7.
If il € V, then 30 > 0 s.t. (I —¢l+¢ C V. Further, z, - = 34N € N
st. ne NNn{l,2,...,N}¢ implies g(n) = z, € (I —¢,l +€¢) C V. Consequently,
ecg (V) = dBeBst. ec BC g (V). For every m € NN g~ (V), we have
min{m} C g~ *(V) and {m} € B. This implies g~!(V') is open in 7 for all V open, so
that g is continuous. This proves one half of the claim, namely that, if f is convergent,
then it has a continuous extension given by g(e) = lim,,_., f(n).

To prove the converse, we assume that f can be extended to a function g : X — R
such that g is continuous. From this, we want to show that f(n) = z,, is a convergent
sequence, and further, lim, ., f(n) = g(e). Let g(e) = [. Since g is continuous, for
any given ¢ > 0, we have ¢g71(I — ¢,] + ¢€) is open in 7. Since € € g7 (I —¢,] + ¢), it
follows that there exists a B € B such that e € B C g7 !(I — ¢,1 + ¢). Consequently,
there exists N € Ns.t. n >N = |z, — ]| < ¢, and € > 0 was arbitrary. This proves
the claim.

.. f has a continuous extension iff z,, = f(n) is a convergent sequence. Further, the
continuous extension is given by g(e) = lim,_ f(n).

(e) Every element a = (I,ay,as,as,...) € R x RY defines a function f, : X — R by
fa(n) = an, fu(e) =1. Let Y C R x RY denote the set of all the convergent sequences
with their associated limits, i.e. (I,a1,az,a3,...) € Y = a, — [. Find the weakest
topology on X such that for all a € Y, f, : X — R is continuous.

Solution. We will prove that the weak topology 7y, generated by Y is the topology
7 from part (a).

Since Ty is the intersection of all the topologies s.t. the sequences in Y are continuous
functions, it follows that 7y, C 7 by part (d).

Conversely, consider the sequence y™ given by y,(c”) = 0 unless k£ = n in which case
y,&") = 1, with the associated limit [ = 0. This is an element of Y. Consequently, the
inverse image of (1/2,3/2) has to be open in 7y, implying that Vn € N, {n} € Ty,. A
similar argument using the sequences z(™ given by zli") =0 for £ <n and zlin) =1 for
k > n, with the the associated limit [ = 1 shows that VN € N, {1,2,..., N} € Ty.
Since every element of the base of 7 is in 7y, it follows that every set in 7 is also in
Tw. (Tw is a topology so every set in 7', which is a union of sets in the base, is also a
set in Zyy.)

Taken together with the earlier claim, we see that the weakest topology on X s.t. for
all a €Y, f, : X — R is continuous, is indeed the topology 7 from part (a).
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(f) Can you find a metric on X such that the metric topology is identical to the topology
T above? Any topology with this property is metrizable.

Solution. Since the metric is necessarily continuous wrt the topology, it suggests
considering p(z,y) = |g(z) — g(y)| where g is any continuous, one-to-one map from X
to R.

I'll leave you to work out the details but it is easy to show that taking g(n) =
1/n,g(e) = 0 in the above construction yields a metric for the topology. Show this by
showing that the base for the metric topology is equivalent to the base for 7 that was
constructed above.

. T is metrizable.



